Introduction and notations
In this paper we describe a proof of the formulas of Witten [W1] , [W2] about the symplectic volumes and the intersection numbers of the moduli spaces of principal bundles on a compact Riemann surface. It is known that these formulas give all the information needed for the Verlinde formula. The main idea of the proof is to use the heat kernel on compact Lie groups, in a way very similar to the heat kernel proof of the Atiyah-Singer index formula and the Atiyah-Bott fixed point formula. The Reidemeister torsion comes into the picture, through a beautiful observation of Witten, as the symplectic volume of the moduli space. It plays the role similar to that played by the Ray-Singer torsion in the path-integral computations on the space of connections.
The basic idea is as follows. Consider a smooth map between two compact smooth manifolds f : M → N . Let H(t, x, x 0 ) be the heat kernel of the Laplace-Beltrami operator on N with x 0 a fixed regular value of f . Because of the basic properties of the heat kernel, we know that for any continuous function a(y) on M , when t goes to zero, where B δ is a ball of radius δ around x 0 , that is, the integral is localized to the neighborhood of f −1 (x 0 ).
On the other hand let {φ j (x)} be the orthonormal basis of the eigenvectors of the Laplace-Beltrami operator on N , then H(t, x, x 0 ) has an expression H(t, x, x 0 ) = This simple formula about heat kernel, which is just a general Poisson summation formula, can be viewed as a generalized version of the modular transformation formula for the classical theta-functions. The method in this paper to prove the formulas of Witten about moduli spaces will be based on this simple fact. We believe that such method should have more applications. For example, when N is noncompact, we can easily derive a similar formula to (0), which, applied to the moment map, gives the nonabelian localization formula in symplectic geometry. Now we fix some notations to be used in this paper. Let G be a semisimple simply connected compact Lie group, G be its Lie algebra. Let T be a maximal torus in G and T be its Lie algebra. Let ∆ ∈ T * be the root system of the complexification of the Lie algebra of G, G C , with respect to T . Fix a Weyl chamber C ⊂ T and let + be the set of positive roots. Let Π = {α 1 , · · · , α l }, l = dim T be a fundamental system of ∆. The Killing form induces a biinvariant metric < ·, · > on G, this will be the biinvariant metric to be used in this paper. We identify T with T * under which for any λ ∈ T * , there is a unique element H λ ∈ T such that
and let
as the dominant integral weights.
Zλ j , and
There is a one-one correspondence between P + and the equivalence classes of irreducible representations of G. For λ ∈ P + , we let χ λ and respectively d λ be the character and dimension of the irreducible representation corresponding to λ. Let e be the identity element in G, then one has
where ρ = 1 2 α∈∆ + α. Next let us recall some basic facts about the biinvariant differential operators on G. Let U denote the universal enveloping algebra of G, and Z(U ) be its center. Then any element D in Z(U ) gives us a biinvariant differntial operator on G. Given any irreducible representation V of G, by Schur's lemma, we know that the induced action of D on V , commuting with the action of G, is a multiplication by a scalar, that is
where p D is a polynomial. We record the following lemma ( [Fe] , Theorem 10.4) for reference.
Lemma 1. If C W (T ) is the space of Weyl group invariant polynomials on the Lie algebra T and C G (G) the Ad G invariant polynomials on G, then these two spaces are isomorphic and
is an isomorphism.
where the norm is induced by the Killing form.
Witten's formulas
LetS be a compact Riemann surface of genus g > 1 and o ∈S be a fixed point. Let S =S − D where D is a small disc with center o. Let ∂S be the boundary of S. We take an element c ∈ T , let Z c be the centralizer of c in G and
be the conjugacy class containing c. Let Ω 1 (S, ad P ) be the space of smooth G-valued one forms on S which vanish on ∂S. Define a two form on
where a, b ∈ Ω 1 (S, ad P ). Consider the following map 
Then γ induces an action on f −1 (u). Note that Z(G) acts trivially on G 2g . Let ω u be the natural symplectic form on M u induced by (1). From now on we will assume that u is a regular value of f , that is M u is a smooth compact manifold. Then the first formula we are about to prove is Formula 1.
where #Z(G) denotes the number of elements in Z(G).
Witten used the notation
More generally let us take a generic element c ∈ T , then Z c = T and
bundles with fixed holonomy in Θ c around ∂S. Let ω c be the natural symplectic form on M c induced by (1). Still we assume that c is a regular value of f , therefore M c is a smooth compact manifold. Let C ∈ T be such that exp C = c, then we have
Formula 2.
M c
where |j(c)| is the absolute value of
The next formula gives us the intersection number of certain characteristic classes on
Here we take cohomology with rational coefficient.
is one of the generators in
| be the number of elements on ∆ + , then we have
The condition on the degree of p is for the convergence of the infinite sum. In fact, given any polynomial p ∈ C W (T ), let us write
Then we have the following formula:
This formula is very similar to the one in [Liu] , Lemma 6. When the degree of p is big, the following fomula tells us that the above integral vanishes. 
In particular, Formula 4 tells us that, if the degree of the polynomial p in Formula 3 satifies 2m ≥ |∆ + |(2g − 2), and u is as in Formula 4, then
All of the above formulas can be generalized to the case when the group G is not simply connected. This will be discussed in the last section of this paper.
Note that Formulas 3 and 4 give us a lot of information about the intersection numbers on M u . In particular, Formula 3 contains the information needed for the Verlinde formula. In fact, letÂ(T M u ) be theÂ-calss of
is a homogeneous polynomial of dgree 2j. It is easy to see that, for any integer k, Formulas 3 and 4 contain all the information of the integral
Combine with the Atiyah-Singer index formula, this gives the dimension of the nonabelian theta-functions on M u . We refer to [Sz] , (see also [Mo] ), for the discussion about the equivalence of this formula to the Verlinde formula for G = SU (n).
Heat kernel and the proof of formula 4
Let be the Laplace-Beltrami operator with respect to the biinvariant metric < ·, · > on G. One knows that = −C. Consider, for x, y ∈ G,
where dy is the volume element corresponding to the biinvariant metric, and f is any continuous function on G. Therefore
Before the start of the proofs of the formulas in §2, we first compute the integral of the pull-back of the heat kernel on G by f :
2g and dvol is the product volume element on G 2g . Obviously we only need to compute the 2g-iterated integrals like
where dy j , dz j denote the volume element on G induced by the Killing form.
Recall the standard formulas in the representation theory of compact Lie groups which follow from the orthogonal relations ( [BD] , pp 84):
from which we get
We summarize this as a lemma.
Lemma 2. The following formula holds
Next we want to prove Formula 4, the vanishing theorem. This is just a simple application of the Poisson summation formula. Let c be such that c −1 = exp H c with H c not in the lattice
where p ∈ C W (T ) is a homogeneous polynomial. By using the Weyl character formula we can rewrite Z(t, H c ) as
Let #W denote the number of elements in the Weyl group W . We get
where w acts on H c ∈ T by adjoint action through the identification W N (T )/T . Here N (T ) denotes the normalizer of T . Consider the Fourier transformF (H) of
Here by definitionF
It is easy to carry out this integration which giveŝ . By applying the Poisson summation formula, we get
By our assumption, H c does not belong to the lattice 1 2π Γ, so for H ∈ 1 2π Γ, H − w(H c ) is never zero. Therefore when t → 0 + , the left hand side exponentially goes to zero. This proves Formula 4.
The proofs of formulas 1, 2 and 3
Now we start to prove Formula 1. We will assume that u ∈ Z(G) is a regular value of f , therefore M u is a smooth compact manifold.
From Sect. 1 we know that, when t → 0 + ,
where B δ ⊂ G is a ball of radius δ around u.
The following local calculation is basically due to [Fo] . Given a point a ∈ f −1 (u), we can choose local coordinate around a by using
where N a is the fiber at a of the normal bundle in G 2g to f −1 (u). By using exponential map, we will identify b to the tangent vector in N a . Then the volume element dvol at (a, b) becomes
where dvol a and dvol b are respectively the induced Riemannian volume elements of f −1 (u) and N at (a, b), and J(a, b) with J(a, 0) = 1 is the Jacobian of the coordinate change.
In this coordinate h = (a, b), and
So the integral has the asymptotics
By changing variable b → √ tb, carrying out the standard Gaussian integral and letting t go to zero, we get
Here let {t 1 , · · · , t n } be a basis for the orthogonal complement of the kernel of df (a) :
where |t 1 ∧ · · · ∧ t n | denotes absolute value of the determinant | < t i , t j > | and G 2g is the direct sum of 2g copies of the Lie algebra G. Therefore we have
On the other hand, since the volume of the orbit of γ, the induced conjugate action, through a ∈ f −1 (u) is given by
where, for a basis
Note that the action of Z(G) on f −1 (u) is trivial. Now it is easy to reduce
where dν u is the measure on M u defined by the following property: for any basis
We summarize the above calculations as Lemma 3. We have the following integral formula
where dν u is defined as above.
Now let us understand dν u . At a ∈ f −1 (u), we have the following chain complex,
Here we have identified the tangent bundles of the G's with their Lie algebras by using left translations. Note that C a is the deformation complex of the flat principal G-bundle onS with fixed holonomy u ∈ G around o.
On each term in C a , there is the natural measure induced by < ·, · >.
On the other hand, from its definition dν u can also be viewed as a norm on T a M u . The following combinatorics lemma is due to Witten [W] and was first applied in this situation in [Fo] .
Remark. Zhang outlined to me a very simple proof of Lemma 4. In fact τ (C a ) is the Reidemeister metric on det H 1 (C a ) ( [BZ] , [Fa] ) which is equal to the L 2 -metric on any compact even dimensional manifold. In our case, the L 2 -metric on det H 1 (C a ) det T a M u is the same as the symplectic volume. Zhang used Ray-Singer metric, but by the Ray-Singer-CheegerMuller theorem, we know that this is the same as the Reidemeister metric. In fact both Lemma 4 nd Lemma 4c below are simple generalizations of the duality result in [Mi] .
For completeness, here we sketch the proof of Witten. The first equality is basically the definition of the torsion for the complex C a [Fo] . For the second equality, we consider the standard cell decomposition ofS given by the 4g-sided polygons which gives the well-known description of the fundemental group ofS. It has one 0-cell, one 2-cell and 2g 1-cells. The complex C a is precisely the "lattice model" of the gauge theory of a flat principal G-bundle onS ( [Fo] , pp 41). Note that τ (C a ) is invariant under subdivision of the cell decomposition. The dual cell decomposition gives us a dual complex C a to C a . Poincaré duality induces a natural skewsymmetric pairing on the complex D a = C a ⊕ C a which is compatible with both the differentials and the natural measures on each term in D a . Therefore, since H 1 (C a ) T a M u , it induces a skew-symmetric pairing
which is precisely the natural symplectic form 4π 2 ω u on M u ( [W] , (4.16) to (4.28)). So one has ( [W] , (4.28))
We thus have obtained the following equality, which is exactly Formula 1,
Note that here we have assumed G is simply connected and u ∈ Z(G) is a regular point of f . Now let us prove Formula 2. Since c is a generic element, the centralizer of c , Z c = T . The integral we will consider is
Lemma 2 gives us its value as the infinite sum, we now consider its localization to f −1 (c) when t goes to zero.
Similar to the proof of Formula 1, we can easily get
where dvol a , is the induced Riemannian volume element on f −1 (c).
Note that f −1 (c) is only invariant under the action of Z c = T . Let γ c be the restriction of the conjugate action γ to Z c . Since the volume of the orbit of γ c through a is
In the same way we can reduce the integral on the right hand side to
where dν c is a measure on M c , such that for a basis
Here {t 1 , · · · , t n } still denote a basis of the orthogonal complement to Ker df (a). From the above definition, we see that dν c can be considered as a norm on det T a M c . Similar to Lemma 3, we can get Lemma 5. We have
Now let us understand dν c which will be related to the symplectic volume on M c . Let Z c denote the Lie algebra of Z c . We consider the following chain complex at a ∈ f −1 (c),
This complex is the "lattice model" associated to the cell decomposition of the pair (S, ∂S). Here we still identify the tangent bundle of G with G by using left translations. Note that by definition [Fo] we have similarly τ (C 
and the f 0 is the map from
Remark. As Zhang explained to me, his simple proof of Lemma 4 applies to this case, and C c a , C c a correspond to the complexes with different boundary, absolute and relative, conditions. The term τ (K c ) is precisely the Reidemeister metric of the boundary ( [Lu] , Theorem 5.9). See also [Mi] , Theorem 2 and the discussion in [RS] , Sect. 3.
By putting this together with the formula in Lemma 2, we get
which is precisely Formula 2. Now let us compare Formula 1 and Formula 2. Let C, H 
Then one has the standard relation of symplectic forms ω c = π
where ν c is a two form on M c which, when restricted to the fiber G/Z c G/T , is the standard symplectic form. In fact, a simple application of the local model theorem for symplectic manifold to the fibration
where, for X, Y ∈ G, θ c is given by ( [BGV] , §7.5)
For the geometric meaning of ν c in terms of loop group, see [Ch] . This gives us
where π * is the integration along a generic fiber of π. By comparing Formula 1 and Formula 2, it is easy to see that one must have
) act on both sides of Formula 2 with respect to C ∈ T . Note that
which follows from the above formula (3) (or [V] , Proposition 10). On the other hand, from the Weyl character formula, we have
Now let c → u again, from Formula 2 and Lemma 6 we get
The overall sign ± is fixed by taking p = 1 and noting that, as the limits of the heat kernel, both sides should be positive. This proves Formula 3.
In the above discussion we did not pay attention to the convergence. But it is easy to see that our proof actually gives the following formula: 
Nonsimply connected groups
Finally we consider the case when G is compact and semisimple, but not necessarily simply connected. For simplicity we only discuss the proof of Formula 1, the other formulas can be proved in completely the same way.
Let π 1 (G) denote the fundemental group of G which, since G is semisimple, is finite. Let G be the universal covering of G. Let H (t, y, x) be the heat kernel of G , then the heat kernel on G is given by H(t, y, x) = 1 (#π 1 (G)) 2 γ∈π 1 (G)
H (t, y, γx),
where the x, y on the left hand side are correspondingly the lifts onto G of x, y ∈ G. Here the reason that we divide by (#π 1 (G)) 2 is due to that fact that H (t, y, x) is not normalized, it should be divided by the volume of G .
Consider f : G is zero except when χ λ is trivial, in which case it is equal to #π 1 (G). On the other hand when t → 0 + , the same method as in the simply connected case gives us
where ω u is the induced symplectic form on M u from the ω in (1), and C a is the the same complex as in Lemma 4. By putting the above two formulas together, we get
The other formulas can be extended to the non-simply connected case in the same way. We note that, for G = SU (2), a proof of Formula 3 was announced in [JK] . Their method is completely different from the one used in this paper.
